Space system verification and validation require high fidelity simulations to predict system performance in presence of uncertainties in the spacecraft and environment. Bruteforce Monte Carlo (MC) simulations are overly resource-expensive for such high-dimensional nonlinear systems. A computational framework for uncertainty propagation in planetary entry, descent and landing is proposed that goes beyond traditional MC based dispersion analysis. The methodology and simulation results for this transfer operator based method are provided and compared with MC results to bring forth the computational efficacies.
Nomenclature
T he hypersonic flight during critical mission phases such as planetary entry, descent and landing (EDL) is considered to be one of the most challenging flight regimes for mission design and analysis. Lack of high fidelity modeling, navigational errors are few among many factors which greatly contribute to the off-nomial trajectories during actual mission. Thus assesment of risk and incorporating that knowledge for the purpose of robust mission design supported by statistical verification and validation becomes inevitable. More precisely, one must account for the associated uncertainties in both the initial conditions and in the system parameters such that a probabilistic quantification can be obtained for being inside or outside some pre-defined operational safety margin for all possible off-design trajectories resulted due to the uncertainties.
From simulation point of view, the above becomes a challenging task as ideally one would require to simulate infinite such trajectories for some given bounded uncertainties in the states and parameters of the governing dynamics. Traditionally, a Monte Carlo (MC) dispersion analysis is done for this purpose where one simulates a large number of trajectories for randomly sampled initial conditions and parameter values. If most or all of such trajectories remain inside the safety margin, one can at best hope for the system safety and reliability without any quantitative guarantee whatsoever. Usually the engineers responsible for subsystem models identify the uncertainty bounds and decide about the sampling strategy based on their experience. Clearly, brute force MC simulations are not the best approach for such mission critical uncertainty analysis. Moreover, for high dimensional and nonlinear dynamics like spacecraft EDL, MC simulations are tremendously expensive as one strives to simulate individual trajectories one by one for uncertainties in hundreds of states and parameters and their combinations. In spite of all these drawbacks, almost all space mission uncertainty analysis are done with MC simulations including Mars Pathfinder, An alternative to simulating trajectory is to simulate the evolution of density. In other words, instead of studying individually sampled random initial condition with random parameter values, one can study how a given distribution of initial conditions and parameters evolve over time. The successive probability densities are given by a linear integral operator, known as the Perron-Frobenius (PF) operator. The PF operator essentially governs the spatio-temporal evolution of the probability density function (pdf) subject to the (in general nonlinear) system dynamics. A thorough treatment of PF operator based density evolution can be found in Lasota and Mackey.
8 Counter-intuitive examples are given in the same reference showing finite number of trajectory simulations can yield misleading result depending on the system dynamics, whereas PF operator based method serves as a unified framework which allows density evolution subject to any dynamics, both deterministic and stochastic, both continuous and discrete, and is naturally suitable for uncertainty analysis in the non-parametric sense (in terms of the pdf). All statistical moments can be retrieved from the pdf.
Our primary objective in this paper is to demonstrate a PF operator based method for uncertainty analysis for the EDL problem which we deem to be superior than MC approach. We will use the transport equation associated with the PF operator that convects the probability mass as the system evolves with the underlying dynamics. It can be shown that 8 for the case of deteministic dynamics, this transport equation reduces to the Liouville equation, 9 which is a linear partial differential equation (PDE). For simplicity, we will restrict ourselves to deterministic dynamics only. Our purpose is to show that the PDE can be easily solved numerically using the method of characteristics and thus one can obtain exact pdfs with significant computational savings as opposed to crudely approximating the pdfs through traditional large-scale MC simulations. The key point here is the scalability of the PF operator based approach compared to MC simulations, which suffer from the 'curse of dimensionality'. This is why, we argue that, PF operator is naturally suited for uncertainty analysis in high-dimensional nonlinear systems like planetary EDL.
II. Nonlinear Flight Dynamics
We will work with Vinh's equations 10 for hypersonic EDL. We will start with the simpler three state model assuming the dynamics to be purely longitudinal and then describe the more general six-state model. These equations govern the trajectory of the center-of-mass of the spacecraft entering into the Mars atmosphere.
A. Three state model
For the simplified case that the entire trajectory is contained in the longitudinal plane, we get the following three state (h, V, γ) model for non-rotating spherical Mars with zero bank angle flight.
Here the model for Martian atmospheric density variation 11 is taken as
where h 2 = 20 km and h 1 = 9.8 km. The mean equatorial radius of Mars will be taken as R 0 = 3397 km.
B. Six state model
Here we present the more general form of Vinh's equations, which is a six state (h, θ, φ, V, γ, ψ) model. This model takes the self-rotation of the planet and the bank angle (σ) into account.
Ω was calculated from the rotational time period of Mars, which is 24 hours 39 minutes and 35.24 seconds. The density variation is taken identical to the three-state model.
III. Uncertainty modeling
In this paper, we will deal with uncertainty in the probabilistic sense (this is sometimes called aleatoric uncertainty as opposed to the structured or epistemic uncertainty). In general, we will assume uncertainty in the states x = [h θ φ V γ ψ]
T and in the parameters
. The state model as described in Section II is of the formẋ
which can be put in an augmented forṁ
where
T is the augmented state vector. The transport of the probabilistic uncertainty subject to the deterministic dynamics (Eqn. (5)) is governed by the Liouville equation
which is a linear PDE associated with the PF operator. Here ϕ (X, t) is the joint pdf. Along the trajectory, one can reduce (cf. Mellodge and Kachroo, 12 §8.1.2) the above PDE to an ordinary differential equation (ODE) of the form
is the trace of the Jacobian of the underlying dynamics and hence, evolves with time. At this point, it's apparent that if the intial state and parametric uncertainties are specified in terms of a joint pdf ϕ 0 := ϕ (X (0) , 0), then one can write the solution of Eqn. (7) as
In general, it's hardly possible to evaluate the integral in Eqn. (8) analytically and thus mandates numerical solution. Once the solution for the joint pdf ϕ (X, t) is obtained, one can find the marginal pdfs by integrating out the other states over their respective domains, namely
...
where D i is the domain of the i th state variable at time t. Here it's important to realize that since the domain in the state space is deforming with time, one must know the instantaneous domain to carry out the integration in Eqn. (9) . We will talk more about this later.
IV. Numerical Simulations: Methodology and Results
Two kinds of numerical simulations were performed for obtaining the marginal pdfs for the states involved in the Vinh's equation. In the PF operator based approach, initial uncertainties in the states and parameters were transcripted as an initial joint pdf, which was then propagated by the Liouville's equation. On contrary, in the MC approach, a large number of random initial conditions and parameter values were chosen to simulate many trajectories and from there, an approximation of the pdf was obtained by plotting the histograms.
We assumed that both the states and the parameters have 5% uniform uncertainties about their respective • . We mention here that the nomial latitude-longitude pair corresponds to the Mawrth Vallis, 13 one of the final four candidates 14 for MSL landing site at Mars. Fourth order Runge-Kutta scheme was employed for both the methods with step size of 0.01 (non-dimensional time step). For all results provided here, the integration was carried up to 60 such nondimensional time steps.
In Fig.1 , we have shown the 267 th second's (physical time) snapshots of marginal pdfs for the three state model with uncertainties in the states only.This simpler case with no parametric uncertainties provides insight into the difficulties associated with the MC method and how they can be tackled in the PF operator approach. It can be observed that a MC simulation with 10 discretizations per dimension (henceforth dpd ) results rather "groovy" histogram approximations of the pdfs (Fig.1) . Smoother pdfs can be obtained through PF operator method using the same dpd. Increasing the number of dpd slightly smoothens out the MC histograms (Fig.1(c)-(d) ), but only at the expense of computational time. Thus, an effort to obtain good approximation of the pdf using MC method incurs the 'curse of dimensionality' which loosely refers to the exponential growth in computational time with increasing dpd. This is illustrated in Fig.2 . All simulations were done on a 64 bit CPU with 2.8 GHz processor. On contrary, similar or even smoother pdfs can be computed by PF operator method with less samples and the result is exact in the sense that instead of approximating a pdf by histogram bin-counting (as in MC method), one propagates the pdf (probability weight) itself.
At this point, our case study with the three state model has demonstrated how MC is challenged by computational tractability for the sake of accuracy. The problem gets further aggravated if we consider the three state model with both state and parametric uncertainties. Although the parameters don't evolve themselves, uncertainties therein affect the computation since one needs to grid the extended state space (see Eqn. (5)). The six state model exacerbates the situation further. One can get a quantitative idea from Table 1 where we listed the CPU times needed for different cases. PF (dpd = 10) 17 min 27.819 sec (3.9 GB) Requires days with more than 4 GB file size MC (dpd = 10) 13 min 01.188 sec (3.6 GB) Requires days with more than 4 GB file size It can be noticed that for a three state model with both state and parametric uncertainties, MC simulations with 30 or more dpd take exorbitant computational time. Similar trends follow for the six state model. Furthermore, even with dpd = 10, the output files are of size more than 2 GB for both PF and MC method. This brings forth another computational challenge, namely post-processing of the huge data. Although handling data of such size is cumbersome for any method, it's more so for the PF operator based approach. Since this method directly propagates the joint pdf, the output file is of the form of a three dimensional array with time being the third dimension. At any fixed time, we have samples as the rows and states and the joint pdf as the columns. While handling moderate filesizes (e.g. Fig. 1(b) ), the unstructured non-uniform joint pdf data residing over the instantaneous state space (deforming due to the dynamics), were interpolated on a denser uniform grid after generating connectivity graph using the Delaunay triangulation, on which the integrations in Eqn. (9) were done, one at a time, by employing the trapezoidal rule. However, this strategy is difficult to apply in higher dimensions since the computational burden for this post-processing becomes unsurmountable. Moreover, as Fig. 1 might suggest, the numerical strategy does not yield a very good resolution of the pdf, particularly at the 'tail' regions.
Before addressing possible remedies for the same, we summarize the results of this section by saying that exact pdfs can be computed using the PF operator based approach and the computations are shown to be much faster compared to a MC simulation aiming to obtain an approximating histogram distribution of similar smoothness. One can also get the most probable trajectories as shown in Fig. 3 and 4 , by tracing the locus of the modes of the marginal pdfs. Fig. 5 shows the evolution of the corresponding 3σ confidence ellipsoid. Figure 2 . Better histogram approximations of the pdfs need MC simulations with more dpd. However, CPU time needed to perform MC simulation grows exponentially with the increase in dpd while the pdfs shown in Fig. 1(b) can be computed in 0.522 seconds.
V. Improving computational performance
In the last section, we have seen that the transfer operator based method, in general, yields exact pdf with significant computational savings compared to the large-scale brute-force MC simulations resulting crude approximation(s) of the pdf(s). However, Table 1 revealed two potent issues, particularly for systems with many uncertain states and parameters.
1. Since the initial uncertainties were transcripted through a grid, the number of gridpoints (in the extended state space) blows up exponentially resulting in huge size of the output files. Filesize of several giga-bytes containing scattered data becomes virtually impossible for further post-processing.
2. Also, the computational time becomes very large when we deal with higher dimensional systems.
The crux of both the problems is that the samples of the initial joint pdf lie on a grid. If somehow, we can sample the initial joint pdf without creating a grid, then we can expect improvements on both the aspects mentioned above. Since we are considering uniform initial distribution in this paper, we will discuss a methodology to sample any user-specified number of samples in any desired dimension and show how that can enhance the performance. For the more general case of any given joint pdf, one can do the same using Markov Chain Monte Carlo 15-17 (MCMC) method. In our case for generating samples of uniform joint pdf, a pseudo-random number generator was utilized to generate low discrepancy sequences. 18 The same reference contains detailed treatment about the theoretical aspects of this procedure. A very brief outline is provided in the Appendix. We implemented Halton sequence for generating pseudo-random numbers in any specified dimensional hypercube and then scaled the data to exhibit 5% uniform uncertainties about respective nominals. The major advantage is that now we can specify the number of intial samples to be generated in any given dimension, thereby vastly reducing the number of samples which would otherwise be impossible in a gridded world. These initial samples were then taken as input to the PF operator based method to evolve the pdf. The file size and computational time were drastically reduced. Furthermore, since the Halton sequences were generated through purely deterministic algorithm, the creation of samples is much faster than other alternatives.
3 test cases were run to test the efficacy of this method, all with 2000 Halton points. First, the three state model with both state and parametric uncertainties, the six state model with only state uncertainties and the same with both state and parametric uncertainties. A comparative assesment can be made about the computational savings by looking at Fig. 6 which shows how the file size grows for different test cases with different simulation methods. The drastic reduction in filesize in Fig. 6(c) is accompanied by the fact that the computational times for the three bars are 0.981 seconds, 1.521 seconds and 2.170 seconds respectively. The computational times for the MC method and for the PF method with grid were listed in Table 1 .
VI. Conclusion
A computational framework is provided in this paper to methodically evolve the state and parametric uncertainties in the form of a joint pdf with numerical efficiency rather than attempting hugely expensive brute-force MC simulations. It is shown that the framework can handle mission critical planetary EDL simulations which typically feature uncertainty in large number of states and parameters. A comparison has been made between the proposed approach and the MC method for high-dimensional nonlinear dynamical systems like hypersonic entry in Mars atmosphere. Moreover, it's emphasized that by suitably choosing meshless intial samples, one can execute the proposed method with significant computational savings.
The authors are presently working towards building a robust and fast post-processing framework which can more efficiently handle high-dimensional scattered data for applications such as risk analysis. 
